A Dynamic Sensing-and-
Modeling Approach to
Three-Dimensional Point- and
Area-Sensor Integration’

The recent advancement of 3D non-contact laser scanners enables fast measurement of
parts by generating a huge amount of coordinate data for a large surface area in a short
time. In contrast, traditional tactile probes in the coordinate measurement machines can
generate more accurate coordinate data points at a much slower pace. Therefore, the
combination of laser scanners and touch probes can potentially lead to more accurate,
faster, and denser measurements. In this paper, we develop a dynamic sensing-and-
modeling approach for integrating a tactile point sensor and an area laser scanner to
improve the measurement speed and quality. A part is first laser scanned to capture its
overall shape. It is then probed via a tactile sensor where the probing positions are
dynamically determined to reduce the measurement uncertainty based on a novel next-
best-point formulation. Technically, we use the Kalman filter to fuse laser-scanned point
cloud and tactile points and to incrementally update the surface model based on the
dynamically probed points. We solve the next-best-point problem by transforming the
B-spline surface’s uncertainty distribution into a higher dimensional uncertainty surface
so that the convex hull property of the B-spline surface can be utilized to dramatically
reduce the search speed and to guarantee the optimality of the resulting point. Three
examples in this paper demonstrate that the dynamic sensing-and-modeling effectively
integrates the area laser scanner and the point touch probe and leads to a significant
amount of measurement time saving (at least several times faster in all three cases). This
dynamic approach’s further benefits include reducing surface uncertainty due to the
maximum uncertainty control through the next-best-point sensing and improving surface
accuracy in surface reconstruction through the use of Kalman filter to account various
sensor noise. [DOI: 10.1115/1.2714585]
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quality or missing data, due, respectively, to high curvature, oc-
clusion, and the shiny surface when an area laser scanner is used
to measure two parts.

On the other hand, conventional touch probes in coordinate
measuring machines (CMMSs) enable more accurate measurement
of parts at a much slower speed. The touch probes can only gen-
erate coordinate points approximately at the speed of 60 points per
minute with accuracy ranging from hundreds of nanometers to
several micrometers. Although faster analog probes are also avail-
able, they are still much slower than optical area sensors. How-
ever, due to the contact mode and the small probe size of tactile
sensing, touch probes are not sensitive to surface reflection con-
ditions and able to produce more reliable results on the high cur-
vature areas.

Therefore, due to the complementary characteristics of area
laser scanners and point touch probes in sensing speed, coverage,
accuracy, accessibility, surface conditions, and surface geometry,
the integration of a laser scanner with a touch probe can poten-
tially dramatically improve the ways that parts are currently mea-
sured. An integrated multisensor coordinate measurement system
can benefit in measurement accuracy from touch probes, in mea-
surement speed from area laser sensors, and in part versatility
from the availability of multiple sensors.

In this paper, we term the integration of multiple sensors with
different dimensionalities in terms of sensor spatial coverage, such

1 Introduction

The recent advancement of 3D non-contact laser sensors en-
ables fast measurement of parts by generating a huge amount of
coordinate data for a large surface area. For example, an area laser
scanner, a laser-based 3D sensing device that can measure a sur-
face area in one setup, can produce hundreds of thousands of data
points in less than 1 min with accuracy on the order of a hun-
dredth of a millimeter. Its rapid data acquisition rate and the con-
tinuously improving measurement accuracy have led to the wide
adoption of 3D laser sensors in automotive, aerospace, and con-
sumer industries [1,2]. However, despite being a rapid sensing
tool, an area laser scanner is vulnerable in shiny surface regions
due to the specular reflection, in parts of complex shape due to the
occlusion, and in high curvature area due to the large incidence
angle and limited sensor resolution. Note that an area scanner is
especially susceptible to occlusion due to the large baseline dis-
tance between the energy beam source and the detector, which
requires the object surface to be in the line-of-sight to both the
source and the detector [3]. Figures 1-3 demonstrate the poor data
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as the integration of an area sensor with a point sensor, as dimen-
sionally heterogeneous sensor integration. This forms a contrast
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Fig. 1

Inaccurate data on the feature edges by area scanners

to prior multisensor integration wherein the emphasis is on how to
integrate multiple dimensionally homogeneous sensors (either
point sensors alone or area sensors alone). Even though the inte-
gration of area vision sensors and tactile probes has been explored
in the past, such integration tends to be cooperative where area
sensors provide approximate shape to enable the automatic plan-
ning for the point sensing. In our approach, we focus on competi-
tive integration where the area laser scanned point cloud and point
sensed data are fused according to their respective noise to reduce
the surface uncertainty. In addition, point sensing is used to im-
prove the coverage loss in area sensing.

More specifically, area scanning is conducted first to construct
the base surface. A next-best-point (NBP) problem is then formu-
lated to dynamically determine where the best point-sensing loca-
tion is to reduce the overall surface uncertainty. The newly sensed
point is added to the earlier reconstructed surface through the
Kalman filter and the next best point-sensing location is again
determined based on its uncertainty value in the updated surface.
The process continues until the overall surface uncertainty distri-
bution meets the specified value. The overall flowchart of the
point- and area-sensor integration is shown in Fig. 4.

Figure 5 shows that, for a set of surfaces with the same rms
errors, they are very different in shape due to the missing data.
Further, larger surface uncertainty can be observed on the missing
data areas, indicating that additional data points are required to
improve surface quality in these areas (see Fig. 5(¢)). The surface
uncertainty distribution is thus utilized to determine where to ac-
quire additional points using point sensors in this paper.

In the dimensionally heterogeneous sensor integration process,
the amount of data from different sensors is asymmetric due to the
difference in their sensing coverage domain. That is, the amount
of points scanned by an area laser scanner is much larger than that
from a point sensor. Therefore, an effective means to process the

{¢) Scanned point-cloud  (¢) Data missing

{a) Occlusion area {b) Occlusion area

Fig. 2 Incomplete data caused by occlusion in area scanners

{b) Scanned point-clond {c) Incomplete Data

{a) Shiny surface

Fig. 3 Incomplete data in shiny surface measurement through
area scanners
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Fig. 4 A dynamic sensing-and-modeling approach for inte-
grating dimensionally heterogeneous sensors

asymmetric amount of heterogeneous data is needed for such sen-
sor integration. In this paper, the Kalman filter is introduced to
dynamically update the shape with the point-probed data to avoid
reconstructing the whole shape from scratch when each time a
new measurement point is added. The technical contribution of
this paper includes the following:

¢ We extend the classical Kalman filter, a set of mathematical
equations for estimating the process state, to surface recon-
struction. It allows the incorporation of a priori information,
along with new measurement information, for the state (sur-
face) updating. Therefore, the large number of laser scanned
data points can be reduced to a compact prior surface rep-
resentation. This enables efficient surface updating by al-
lowing the tactile points to be dynamically and incremen-
tally added into the surface without reference to the laser
scanned data.

*  We mathematically transform the uncertainty distribution of
a B-spline surface into a tensor B-spline form, which en-
ables the rapid and accurate computing of the surface point
with the largest uncertainty, hereinafter the next-best-point
(NBP). This forms the basis of our dynamic sensing-and-
modeling approach.

The remainder of this paper is organized as follows. Section 2
reviews prior work in multisensor coordinate metrology. Section 3
presents the theoretical formulation in using Kalman filter for dy-
namic surface reconstruction. Section 4 details the technique on
determining the NBP. Section 5 describes how to sense the dy-
namically determined optimal point and how to update the surface
with the sensed point. Section 6 presents the experimental results.
This paper concludes in Sec. 7.

2 Literature Review

Sensor planning for range sensors has been researched in the
past. Sensor planning [4], including the next-best-view problem to
minimize the number of range views [5,6], and the optimal setup
for area laser scanners [7], has been explored. High-level control
of data acquisition is demonstrated in [8] based on the uncertainty
of a regression model. However, only simple super-ellipsoid
model is employed to represent the object. B-spline surface is
utilized to modeling the 3D free-form object and uncertainty
based viewpoint plan is proposed in [9]. However, in these ap-
proaches, only area range sensors are considered.

Inspection planning for tactile probes in CMM has been an
active research topic, wherein various methods are proposed to
shorten inspection time and to automate the inspection process
[10-12]. Among various inspection planning tasks, surface sam-

0000
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RMS—0.371865 RMS—0.371862 RMS=0.371865 surface uncertainty

Fig. 5 Reconstructed surface and uncertainty
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pling has also been studied to minimize the number of required
sampled points and to reduce the resulting uncertainty. In particu-
lar, uniform sampling pattern and ten-times ratio between the
number of measured data and the number of model parameters are
often adopted [13]. A few researchers have tried to optimize the
sample size based on user skills [14], and to seek the optimal
locations of sample points in [15,16]. Even though the sample size
and locations are optimized to improve the reconstructed surface
quality and the inspection efficiency using probe sensors in a
CMM, all these approaches use single tactile point sensors.

Despite the fact that multisensor sensors have been found co-
existing in some advanced CMM systems such as OGP and Mahr
systems, information automation is not yet available. Therefore,
cooperative sensor integration has been proposed to automate the
coordinate acquisition, in which vision systems are used to create
an approximate shape to guide the tactile sensing [17-19]. Re-
cently, vision and touch probe sensors are integrated to improve
coordinate acquisition speed [15,20]. Algorithms were also devel-
oped for estimating and reasoning unknown surface areas [21]. In
this paper, we use the competitive combination of a laser scanner
and a touch probe to improve inspection speed and to reduce
measurement uncertainty.

In the computer vision community, a probabilistic surface
model in combination with the Kalman filter has been proposed to
build tensor parametric surface [22-24] and lines and planes [25].
In our approach, we extend the underlying surface representation
from single level to multilevel [26]. More importantly, we use the
Kalman filter to reduce the large number of scanned data into one
surface in an efficient mode so that the surface state can be effi-
ciently updated without reference to the scanned data when addi-
tional sensed points are available. Further, we use Kalman filter to
dynamically, actively, and incrementally update the surface based
on the point-probe data.

3 Dynamic Surface Reconstruction With the Kalman
Filter

This section gives the mathematical basis for the dynamic sur-
face reconstruction, including (1) B-spline surface representation,
and (2) Kalman filter for surface reconstruction and its properties.
Here, the dynamic surface reconstruction refers to a surface re-
construction process in which the surface is dynamically con-
structed or updated based on prior information and the new mea-
surement data.

3.1 B-spline Surface. The B-spline surface has been widely
used in product design and manufacturing. Therefore, it is selected
to represent the surface reconstructed from the point-cloud.

A bi-cubic B-spline surface has the form

n

S(u.v) = 2, Niu)N/(v)Py (1
ij
where N is B-spline shape function and P;; is the ijth control
point. The equation can also be expressed in matrix form

S(u,v) =A(u,v)P (2

where A(u,v) is the B-spline shape function matrix, and P means
the collection of control points.

To model the surface from the point-cloud, most shape recon-
struction methods are based on least-squares fitting, and they do
not explicitly consider data noise incurred during the measure-
ment process. It is often assumed the noise corrupting the data is
of zero mean. This has two immediate ramifications. First, recon-
structing surfaces from measurement data would lead to inaccu-
rate surfaces if data uncertainty is not properly accounted for.
Numerous studies have shown that least-squares estimates may be
completely perturbed when the data contains noise of different
variances, or non-Gaussian [27]. Therefore, such single surface
representation without quality description is not sufficient for
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many subsequent applications. To account for data uncertainty
and to result in more robust surfaces, the Kalman filter is intro-
duced to produce the optimal estimate of the surface and its
uncertainty.

3.2 Kalman Filter. The Kalman filter was first proposed by
Kalman in 1960 [28]. It is a method to recursively estimate the
internal state of a system based on the observation of the system’s
external behaviors [29]. To do this, a state-space model needs to
be first set up to describe the system.

State-Space Model. A mechanical or electrical system can be
characterized by several finite variables, which are called the in-
ternal state. Usually, the internal state cannot be directly measured
but its external behavior can be sensed. The Kalman filter [29]
addresses the general problem of trying to recursively estimate the
state of a discrete-time controlled process that is governed by the
linear stochastic difference equation

xp=Cxpy +Bup +wi (3)

where x; and x;_; are the states of the time step [ and (I-1),
respectively, C is the state transition matrix of the process from
previous time step (/—1) to the current step [/, and u;_; is the
system input of the time step (/—1). Matrix B relates the system
input u;_; and the state x;, and w;_; is the associated independent,
white, and Gaussian noise.

Observations on the internal state can be modeled in the form

u=Hx;+v, (4)

where z; is the external measurement of x at the /th time step, H is
the measure matrix relating the current state x; to the external
measurement z;, and v, is the associated measurement error, which
is again assumed to be independent, white, and Gaussian.

Kalman Gain. With the state-space model, Kalman filter opti-
mally estimates the internal state using the Kalman gain.

Let X; be the a priori state estimate at the step / with uncertainty
Ax;, and X, be the a posteriori state estimate with uncertainty Ax;.
We can estimate X; through a linear combination of %; and the
residual between the actual measurement z; and a measurement
prediction HX; is given by

XAZ=XA;+K(ZZ—H)2;) (5)

where K is the Kalman gain, which is determined by minimizing
the a posteriori uncertainty Ax; [30]. Let Az, be the uncertainty of
measurement z;, the optimal Kalman gain K can be obtained by
[29]

K= Ax;H(HAHT + Az)™! (6)

From Egs. (5) and (6), we see that £; weighs more on £; when
Ax; —0. Otherwise, X; weighs more on the residual between HX;
and z;. Moreover, measurement uncertainty Az; is explicitly ac-
counted for to obtain the optimal state estimate.

Update Equations. The Kalman filter estimates the state by us-
ing a form of prediction and correction, which includes predictor
equations and corrector equations.

Predictor equations have the following form.

The a priori state prediction equation: X, = Cx;_; + Bu;_,

™)

Ax; =CAx,_,CT+Q
(®)
where Q is the uncertainty covariance of process noise w;_;. When
/=1, the initial state estimate X, and its uncertainty AX, can be
given by prior information, which is able to integrate a priori

estimate of internal state.
Corrector equations have the following form.

The a priori state uncertainty equation:
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Kalman gain:  K;= Ax;H (HAx;HT + Az)™! 9)

The estimate updating equation with measurement z;:

f= 57 + Kz H) (10)

where K; is the same as K in Eq. (5).
The state uncertainty updating equation: Ax; = (I — K;H)Ax;

(11)

The predictor and corrector equations form a basis for recursive
updating. The predictor equations are to predict the a priori state
and its uncertainty based on the previous state estimate. The a
priori state estimate is then corrected in the corrector equations by
the new measurement to obtain a posteriori state estimate. This
recursive nature of Kalman filter is a very appealing feature,
which makes it possible to apply newly measured data for state
updating without requiring all previous data kept in storage [29].
In addition, The Kalman filter combines all available measure-
ment data, plus prior knowledge about the system and measuring
devices, to produce an estimate of the desired internal state in
such a manner that the error is minimized statistically [31].

3.3 Kalman Filter for Surface Reconstruction. For one
measurement point z € Q on the surface with parameter (u.,v.),
we can get

z2=Au,v,)P+e (12)

where & is measurement noise.

In the terminology of Kalman filter, the B-spline surface repre-
sents a linear system between the internal surface state and exter-
nal observations. The collection of control points P constitutes the
internal state of the object shape. The point-cloud measured from
surface forms the external observations of B-spline surface. Thus,
the measurement z is the measured surface point with uncertainty
Az. A(u,,v,) corresponds to the measure matrix H in Eq. (4).

From the state-space model of surface fitting, we have x=P, z
=z, u;_; and w;_;=0, and the state transition matrix C=1.

The predictor equations of the Kalman filter changes to

X =%=P (13)
Axl_=Ax[_1 =AP1_1 (14)
The corrector equations changes to
Y=P=P_ +K[z-A(u,v)P,_,] (15)
AP[ = [1— KIA(uz’vz)]API—l (16)
where K; is the Kalman gain, which changes to
K;= AP,_IA(MZ,UZ)T[A(MZ,UZ)API_]A(MZ,UZ)T+ AN (17)
Substituting K;, we get the new form of Eq. (16) ([30])
AP = AP+ Au,v,) (A2) " Au,0,) (18)

Incrementally fitting all the measurement points with the Egs. (15)
and (16), we then obtain the uncertainty AP of control points P.

Further, we put forward the following two lemmas in the con-
text of applying the Kalman filter for surface reconstruction. Here
we define the surface reconstruction in batch fitting mode as pro-
cessing all available measured points and a priori surface estimate
at once to produce the surface, and define its incremental fitting
mode as iteratively updating the estimated surface one by one
with measured data.

LEMMA 1. For a given set of measurements {z;} and the corre-
sponding noise Az;, the reconstructed surface, its control point P,
and its uncertainty covariance AP,, can be obtained by fitting in
a batch mode and it is equal to that obtained by incrementally
fitting with Egs. (15) and (16).

Proof. If all the measurements are available, the final recon-
structed surface can be computed in the batch fitting mode for the

626 / Vol. 129, JUNE 2007

Kalman filter by the following equations (the deducing process
can be seen in Appendix A)

-1

P,=| (AP)™ + X AT(Az) A,
i=1

(APy)™'P,

+ > AT(Az) '

i=1

(19)

n -1

AP, =| (APy)™ + >, AT(Az) 4
i=1

(20)

where P, AP is the initial estimate of surface and its uncertainty
estimate, A; is the B-spline shape function matrix corresponding to
the measurement z;, Az; is the uncertainty of measurement z;.

LEMMA 2. P, and AP, are independent on the measurement
sequence of z;,z;, (i # j).

Proof. This can be easily seen from the batch processing Eqs.
(19) and (20).

For the same measurements and parameterization, we can also
reconstruct a B-spline surface with same number of control points
by employing the weighted least-squares method. The recon-
structed surface can be represented by

-1 n

n
= 2 AT A | 2 AT 1)
i=1 i=1
Comparing Egs. (19) and (21), we can see that the two fitting
surfaces are actually equivalent when the initial estimate Py=0
and its uncertainty |APg|—  or more likely that P, and AP, are
computed directly from the weighted least-squares method. In
summary, the Kalman filter for surface reconstruction has the fol-
lowing properties:

e The resulting surface is independent of the sampling
sequence.

e The surface can be incrementally updated and the resulting
surface is equivalent to the batch reconstructed surface.

These two properties form the basis of our proposed dynamic
sensing-and-modeling approach. That is,

e The final surface is independent of the fitting sequence of
any two of sampled probing points z;,z;, i #j, which en-
sures the dynamic and sequential sensing-and-modeling ap-
proach would lead to the same final surface and surface
uncertainty for the same set of measurement points, regard-
less of the order of the measurement.

*  When sequentially sampling n number of probing points
Z;» i=1,...,n, the end reconstructed surface using Egs. (15)
and (16) in incremental fashion is equivalent to that ob-
tained from Egs. (19) and (20) in the batch processing
fashion.

Furthermore, the two fitting modes of Kalman filter will facili-
tate the dimensionally heterogeneous sensor integration. Suppose
m is the number of large amount of scanned data points, n is the
number of fitting surface’s control points. From Egs. (15) and
(16), it can be seen that the computational complexity for the
Kalman filter is O(n?) when fitting each single data point in in-
crementally fitting mode, and is O(m X n?) when fitting all of the
point-cloud. On the other hand, only O(m+n?) is required for the
Kalman filter in the batch processing mode to fit the whole point-
cloud (see Egs. (19) and (20)). Therefore, the two modes have the
following significance in the dimensionally heterogeneous sensor
integration:

e The batch processing capability allows the large amount of
the laser-scanned point-cloud (m>n) to be processed effi-
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ciently at once (its computational complexity is O(m+n))
as opposed to the large number of iterative use of incremen-
tal updating (its computational complexity is O(m X n?)).

e The incremental update allows any additional point probing
data to be dynamically and efficiently fused to the recon-
structed surface model without reference to the large amount
of laser data (its computational complexity is O(n?)).

Note that even though the Kalman filter has these advantages
and can be used to achieve the robust estimate from measured
point-cloud if the underlying model is known, the underlying
model structure typically cannot be known previously. Inappropri-
ate model selection tends to under-fit or over-fit noisy measure-
ment data. To circumvent the model selection issue, the multilevel
Kalman filter is proposed in [26] to determine the initial surface
model estimation, and the Kalman filter can be used to fit to the
new measurements based on the selected model.

4 Next-Best-Point Determination

Based on the above introduction of Kalman filter, we choose
the multilevel Kalman filter [26] to reconstruct the initial surface
from available measurement points. Any additional sensing is
placed at lowest quality location (the largest uncertainty point) of
the initial reconstructed surface to improve the final reconstructed
surface quality. This section details how to dynamically determine
the NBP.

4.1 Next-Best-Point Problem Formulation. Due to sensor
noise and finite measured points of the surfaces, it is not possible
to find a reconstructed surface from those measurements to ex-
actly represent the true surface. Since the internal state-control
points @, of the reconstructed surface satisfy Gaussian probability
distribution, the uncertainty A®, constitutes a measure of infor-
mation contained in the Gaussian probability distribution Q(®dy)
describing the parameter errors

O(@y) = (P~ DY AP, ~ D)) (22)
Given a confidence level y, we can find a number Q(®,) from the
distribution. In addition, the true model must lie in the hyper-
ellipsoid defined by Q(®,). From Eq. (22), it can be seen that
smaller size of the ellipsoid means the reconstructed surface has
higher confidence and approximates the underlying true model
better. Thus, reducing the size of hyper-ellipsoid means improving
the confidence or the quality of the reconstructed surface. Actu-
ally, the size of hyper-ellipsoid is only dependent of the recon-
structed surface uncertainty Ad,, and the determinate of the un-
certainty covariance matrix A®, is proportional to the square of
the volume of the hyper-ellipsoid [8,15].

Therefore, the next-best-point (NBP) problem can be formu-
lated as: finding a next optimal point to maximally reduce the

determinant of uncertainty covariance matrix AP, (denoted as

det(AD))).
Let the optimal point be p with parameter (uzp,vzp), and uncer-
tainty be Az,. For the single level Kalman filter

(ABy)™" = (ADY + [Alw, v, )T (Az,) Al 0,)
= (Aq)k)_l{l + A(Dk[A(sz’vzp)]T(Azp)_lA(uzp’Uzp)}
(23)

where A(uzp,vzp) is the B-spline shape function matrix. Hence
AD, = AD {1+ AR LA, v )T(Az) A, 0 )} (24)
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Fig.6 Geometric interpretation of the uncertainty of a B-spline
curve

det(AD,) = det(AD,)/det{(I + ACIJk[A(uzp,vzp)]T(Azp)'lA(uzp,vzp))}
(25)

Because A(uzp,vZ ) is only one row matrix and Az, is a value, /
+A(I)k[A(uzp,vzp)]”T(Az[,)‘lA(uzp,vzp) has only one non-unitary ei-
genvalue 1+A(uzp,UZP)A(I),([A(uZP,vzp)]T(Az,,)‘1 [8].

det(AD,) = det(AD,)/{1 + A(uzp,va)A(Dk[A(u,_p,vzp)]T(Azp)_l}
(26)
From Eq. (26), we can see that

min[det(ACf)k)] ~ maX{A(uzp,vZF)A(Dk[A(uZF,vZP)]T} (27)

Thus, the NBP problem can be formulated as finding an optimal
point on the reconstructed B-spline surface with maximal uncer-
tainty. It is clear that the NBP problem is a global optimization
problem.

To our best knowledge, until now there is no efficient determin-
istic solution to solve such a general problem. The Fedorov ex-
change method is often used in the random optimization sense to
find the optimal point [15,32], but the global optimal point cannot
be guaranteed to be found since the point is randomly sampled on
the domain.

Fortunately, B-spline has many unique geometric properties
such as continuity, local modification, and strong convex hull
properties [33], which are very beneficial in B-spline curve/
surface boundary box computing, intersection algorithm, and
rapid test of geometry interference. We will show in the section
below that the uncertainty of B-spline curve/surface can be repre-
sented in a tensor B-spline form and therefore a convex hull based
NBP searching method is presented.

To help illustrate the basic NBP searching approach, we intro-
duce it in the context of reconstructing a B-spline curve.

4.2 Geometric Interpretations of the Uncertainty of a Re-
constructed B-Spline Curve. Assuming a reconstructed B-spline
curve with control points P, and uncertainty covariance matrix
AP,. The point p with parameter u on the B-spline curve has the
uncertainty

Ap =AW AP,[Aw)]" (28)

where A(u) is the B-spline shape function matrix. Equation (28)
can also be written as

Ap=AWAPJAW)]" (v=u)
Letting S(u,v)=A(u)AP,[A(v)]", we can see that

(29)

* S(u,v) is actually a B-spline surface defined by uncertainty
matrix AP, (here we call S(u,v) an uncertainty surface).

e The distribution of the uncertainty of the B-spline curve
p(u) over u forms a space curve C,, on S(u,v) corresponding
to a pcurve (v=u,u €[0,1]) in the parametric domain (see
Fig. 6). That is, the uncertainty value of curve point p(u) is
Ap=S(u,u).

Thus, the problem of finding NBP with maximal uncertainty is

equivalent to finding the highest point on the space curve C, on
S(u,v). We can find the highest point in a B-spline surface using
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(a) One B-spline curve (b) Convex hull of the B-spline curve

Fig. 7 B-spline curve and its convex hull

the geometry property such as strong convex hull property of
B-spline. This new insight forms the basis of our novel geometric
algorithm for the NBP determination.

4.3 Convex Hull Property of B-Spline Curve Uncertainty.
One important geometric property for B-spline curve/surface is
the strong convex hull property, which means that the B-spline
curve is completely enclosed in the convex hull defined by its
control points.

As shown in Fig. 7, a cubic B-spline curve is defined by four
control points, and the B-spline curve is completely enclosed in
the convex hull. The B-spline surface has the same strong convex
hull property since it is a tensor product scheme of B-spline curve
(Fig. 8). Thus, the B-spline surface S(u,v) is in the convex hull
defined by the elements of uncertainty covariance matrix AP,,.

As we know, the B-spline curve’s uncertainty is a space curve
on the B-spline surface S(u,v). Therefore, the B-spline curve un-
certainty is fully contained in the convex hull of the B-spline
surface S(u,v), and each B-spline curve segment’s uncertainty is
in the convex hull of the elements of covariance matrix of defin-
ing the curve segment. The strong convex hull property can be
employed to compare the uncertainty of the two curve segments.

Thus, we have the following lemma.

LEMMA 3. Let Cyey | and Cyg 5 be the two B-spline curve seg-
ments with uncertainty matrix of control points as AP and

,- If max; (APC )ij < min;; (APC
talnty of any point on the curve segment CSeg | is no greater than
that of any point on the curve segment Cgeg .

As shown in Fig. 9, Cye, | and Cy, , are the two B-spline curve
segments with respective uncertainties APCseg , and APCSeg - If
max; (APC ) < min; (APC )ij, then the uncertainty of any

seg |
Jij» then the uncer-

Fig. 8 B-spline surface and its convex hull
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Fig. 9 Uncertainty comparison of two B-spline curve
segments

point p; on the curve segment Cy, | is no greater than that of any
point p,. The conclusion can be easily obtained from the convex
hull property of B-spline curve uncertainty (detailed proof can be
seen in Appendix B).

4.4 Convex Hull-Based Next-Best-Point Determination.
Based on the analysis of B-spline curve uncertainty property, a
convex hull-based NBP determination method is proposed based
on a divide-and-conquer strategy. The core idea is (1) to discard
(filter) the curve segments of lower uncertainty through the con-
vex hull property of the uncertainty surface, and (2) to further
subdivide each B-spline curve segment into more segments where
the curve cannot be discarded.

As shown in Fig. 10, the uncertainty surface has only one sur-
face patch. To find the exact point on the B-spline curve with
maximal uncertainty, subdivision is performed on the uncertainty
surface patch and the corresponding B-spline curve segment.
Thus, four subdivided uncertainty surface patches and two
B-spline curve segments can be obtained. Among the four
patches, only two surface patches and the corresponding subdi-
vided B-spline curve segment uncertainty need to be extracted. If
we repeat the subdivision, extraction, and discarding process, the
subdivided curve segment finally converges to the optimal point

v
1.1 1.1 1.1

©0 ©0 T(0.0) ©

Fig. 10 Uncertainty surface subdivision and extraction

:: L

S. E. C. H. F. S.E. C.H.F. S.E. C.H.F.
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g . T :

S.E. C.H.F. S.E. C.H.F. S.E. C.H.F.
S.E. : Subdivision and extraction, P. D. : Parametric domain,

C.H.F.: Convex hull based filtering, U.D. : Uncertainty distribution

Fig. 11 An example NBP computing process
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Fig. 12 A reconstructed surface and its uncertainty

within a user-specified tolerance p, and thus the corresponding
uncertainty surface converges to the uncertainty of optimal point.
Figure 11 details such an example NBP computing process on a
B-spline curve.

As described, the B-spline surface is a tensor product scheme of
B-spline curves. The uncertainty of B-spline surface has the same
properties such as convex hull and subdivision property. Thus, a
convex hull based optimal point location procedure can be easily
extended to find the optimal point on the B-spline surface. The
uncertainty surface defined by control point’s covariance is two
dimensional for a B-spline curve. The uncertainty “surface” cor-
responding to the B-spline surface will be in R*.

For example, for a given reconstructed surface and its uncer-
tainty (Fig. 12), and the threshold of maximal knot interval length
0y=1.0X 107 (the surface domain is (0,1) X (0,1)). Because of
the uncertainty surface for a B-spline surface is defined in R*, only
the surface patches not filtered out are shown in the following
optimal point searching process.

From Fig. 13, we can see that the convex hull-based NBP
method has the following advantages when compared with the
Fedorov exchange method:

* The obtained NBP is guaranteed to be less than p (any prior
given tolerance) from the true globally optimal point.

* Multiple optimal solutions can be obtained if there are more
than one point that has the same uncertainty on the B-spline
curve/surface.

These two characteristics enable efficient NBP computing to
support the overall dynamic sensing-and-modeling approach.

a

A

A MM MM l \
=)

S.E C: H F. S E C. H F.

= ‘ L |

ol ™

C.H.F. S.E. C.H.F. S.E. C.H.F.
S.E. : Subdivision and extraction, P.D. : Parametric domain,

C. H. F. : Convex hull based filtering, U.D. : Uncertainty distribution

Fig. 13 NBP search process in a B-spline surface
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5 Dynamic NBP Sensing and Incremental Surface
Update

Given the computed NBP, it can then be sensed, and the recon-
structed surface can be updated. Then the next optimal point can
be determined, sensed, and the surface can then be updated. These
steps constitute a dynamic process to achieve a high quality sur-
face, as shown in Fig. 4. How to sense the next optimal point, how
to update the fitting surface with sensed points, and when to ter-
minate the procedure are described in this section.

5.1 Dynamic NBP Sensing. After the next point to be sensed
is found through the convex hull-based optimal point determina-
tion method, the optimal point needs to be transformed from de-
sign coordinate system (DCS) to the measurement coordinate sys-
tem (MCS) as the next sensing location on the physical part. In
DCS, the point-cloud is modeled and used to reconstruct surface.
The MCS is the coordinate system where physical part is sensed
by the CMM probe.

The transformation can be determined by registrating the key
features such as the attached spheres or planes. Then the actual
estimate position in MCS can be computed through the transfor-
mation. With the transformed position, a touch probe can be
driven to the nearest location of the target point and the actual
point can be probed on the physical part.

5.2 Incremental Surface Update. With the sensed point(s)
and the knowledge on the point sensor uncertainty, the surface
needs to be rapidly updated to re-evaluate the surface and to de-
termine the next optimal point. The Kalman filter is employed to
update the reconstructed surface in an incremental fashion.

For single level Kalman filter, the updated surface can be com-
puted using Egs. (15) and (16) directly. The incremental fashion
means that the end reconstructed surface can be obtained in real-
time without reconstructing the whole surface from scratch. As
described in Sec. 3.3, the incremental updating of the Kalman
filter is very efficient even in the case of large amount of laser
scanner data.

5.3 Terminating Criterion. In the dynamic sensing-and-
modeling framework, there is a need to determine how many
points need to be sensed to achieve the desired quality surface.
Traditionally, the number of sampled points is required to be ten
times the number of parameters in the model [13]. Since the dy-
namic sensing-and-modeling procedure works in the iterative
fashion, we essentially answer the question as to when to stop
further point sensing.

In this paper, several terminating criteria are used. Assuming
the model has been properly reconstructed, a terminate criterion is
suggested based on the largest uncertainty value on the surface.
That is, given the maximal surface uncertainty threshold 6,, the
terminating criterion of uncertainty can be defined as follows:
checking if the maximal surface uncertainty satisfies 6= 6,,. If
8= 0,,, the dynamic sensing-and-modeling procedure would be
terminated. Otherwise the process repeats until the maximal un-
certainty is below the specified uncertainty threshold 6,,. Herein
(1) the maximal uncertainty can be obtained from the convex
hull-based optimal point determination algorithm, (2) uncertainty
threshold 6,; can be taken as the average uncertainty value of
sampled low uncertainty points to make the surface uncertainty
uniformly distributed, (3) to compute the average value of low
uncertainty points on the surface, we uniformly sample N points
and view the uncertainty of each point as intensity, and extract the
points with low “intensity” through isodata algorithm developed
by Ridler and Calvard [34].

6 Experimental Implementation

Three examples are presented below to validate the dynamic
sensing-and-modeling procedure. The first example is a synthetic
surface and it shows how the large uncertainty of reconstructed
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(a) ©

7x7 B-spline surface

(b)
Sampled 1x10° data
points with noise

Re-sampled 102063
data points from (b)

Fig. 14 Sampled incomplete data point-cloud

surface caused by missing data in laser scanning can be reduced to
achieve higher quality surface. The other two examples are based
on the measurement of two physical parts using Minolta Vivid
910 (Accuracy: X:+0.22 mm, Y:+0.16 mm, z:+0.10 mm;
Working distance: 40 to 500 mm; Field of view: 0.6 to 1.2 m;
Measurement speed (Fine mode): one scan/2.5 s) and Mitutoyo
CMM BH303 (Travel distance: 304.8 mm X 304.8 mm
X 304.8 mm). They illustrate how dynamic sensing can be used to
improve the area measurement of surface impaired by occlusion,
shiny reflection, or high curvature areas such as feature edges.

6.1 Examples. In Fig. 14, 1 X 10° data points (Fig. 14(b)) are
uniformly sampled from a known B-spline surface (7 X7 control
points) (Fig. 14(a)) and are added to the Gaussian noise (variance
Az'=Az"=Az*=0.01). In the noisy data, only 102,063 data points
(Fig. 14(c)) are then selected to simulate the measurement with
data missing on the surface.

First, we assume the model is not known. The multilevel Kal-
man filter is applied to reconstruct the surface model. According
to the proposed model selection criteria in [26], the five-level
B-spline surface is reconstructed with 19X 19 control points as
shown in Fig. 15.

Given the surface’s maximum uncertainty threshold 6,
=0.0012, which can be the average value of uniformly sampled
points’ uncertainty, the dynamic sensing-and-modeling procedure
is employed to determine the optimal CMM sensing points (as-
suming Gaussian noise Az*=Az"=Az%=0.0001) to reduce the sur-
face uncertainty.

The two actual examples shown in the introduction section are
also used to demonstrate the dynamic sensing-and-modeling ap-
proach. Since our current experimental setup does not allow pro-
grammable CMM sampling, only limited points are probed at the
surface area whereby there is missing information during laser
scanning. With those additional measured points, a dynamic pro-
cedure is applied to select the optimal points and incrementally
update the surface.

To measure the nozzle part (83 mmX203 mm X 108 mm)

&
Multilevel Kalman filter
19x19 control points

Reconstructed surface
uncertainty

Incomplete point-cloud
(102063 points)

<%

&5
@

Incomplete point-cloud+
optimal points (31 points)

Dynamic sensing and modeling
19x19 control points

Updated surface
uncertainty

Fig. 15 Reconstructed surface and its uncertainty before and
after dynamic update
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Point-cloud(21763 Reconstructed surface before Reconstructed surface uncertainty
oint-cloud ) fusing additional points before fusing additional points

Reconstructed surface after Reconstructed surface uncertainty
fusing additional points after fusing additional points

Additional points(38)

Fig. 16 Reconstructed surface and its uncertainty before and
after dynamic update

shown in Figure 2, a 3D laser scanner (Minolta VIVID 910) is
used to scan the whole part surface with total 12 range views. One
airfoil surface can be completely covered by laser scanning and
the other airfoil surface has incomplete coverage from laser scan-
ning due to occlusion (Fig. 2). In Fig. 3, the mechanical part
(63.5 mm X 58.8 mm X 34.9 mm) surface is shiny, when project-
ing the laser on the shiny surface, very little diffuse light can be
returned, especially in the high curvature area; consequently, there
is a lack of laser scanned data in the those areas.

As processed for the simulation surface in Fig. 15, the initial
surface is first reconstructed with the multilevel Kalman filter
from scanned point-cloud as the base surface, and the maximum
uncertainty threshold in these two parts can be estimated by
0.000434 and 0.000885. The dynamic sensing-and-modeling pro-
cedure is then used to modeling the surface based on shape un-
certainty as shown in Figs. 16 and 17.

6.2 Validation Criteria. To further validate the proposed dy-
namic sensing and modeling approach, we now compare the effi-
ciency and final reconstructed surface accuracy. The measurement
time and modeling surface accuracy computation criteria are
given as follows.

Measurement Efficiency

Single sensor measurement time. In order to quantify the time
saving of multisensor inspection, a two-criteria comparison is
made between the multisensor inspection and the single tactile
probe inspection since tactile sensing in CMM is still the preva-
lent coordinate measurement tool. The first criterion is that the

Reconstructed surface
uncertainty before fusing

Reconstructed surface before
fusing additionzal points

i Reconstructed surface
is - Reconstrucied surface after
Additional points (67 - N
points (67) fusing additional point uncertainty after fusing
additional points

Fig. 17 Reconstructed surface and its uncertainty before and
after dynamic update
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Table 1

Measurement time comparison

Sensing method

Number of measured points

Estimated time (min)

Simulation 3D laser scanner and
surface CMM
CMM Criterion [
CMM Criterion IT
Shiny part 3D laser scanner and
CMM
CMM Criterion I
CMM Criterion IT
Nozzle part 3D laser scanner and
(considering two CMM
surfaces) CMM Criterion 1

CMM Criterion IT

102,063+31 0.68
19X 19X 10=3610 60.1
102,063/100+31=1052 17.5
74,675+67 3.20

35X 35X 10=12250 204.166
74,675/100+67=814 13.06

21,763 X2+38

(35X 19X 10) X2=13,300
21,763 X2/100+38=785

2.117X2+0.63=4.867

221.67
7.888

number of measured points should be ten times the number of
parameters in the model [13] (Criterion I). The second criterion is
based on the fact the uncertainty is inversely proportional to the
number of points N [35] and the surface uncertainty is propor-
tional to the uncertainty of measurement (see the weighted least
squares in Appendix A) (Criterion II), which is denoted by

A
AU = ==
N

(30)
With these two criteria, the time of single touch probe sensing to
produce the required number of measurement points can be com-
pared with the combined time of 3D laser scanning and dynamic
CMM probing.

Measurement speed estimate. To estimate the time for the syn-
thetic surface, we assume the laser 3D scanner scanning speed is
10,000 points per second [1], and one point per second [36] for
CMM probe.

In the two actual parts measuring process, the actual scanning
speed of the whole part is about 2.117 min for the Minolta scan-
ner with six views for each part. To scan enough points for nozzle
airfoil to reduce occlude area, an additional six views are used for
scanner to scan the reversal airfoil part. Again, we assume touch
probe senses the parts at the speed of one point per second.

Surface Accuracy. To validate the final surface quality, we use
the root mean square (RMS) error distance to check the recon-
structed surface f accuracy

M.N

> [dpl.p)T

ij=1

RMS = (31)

MN
where pf is the ijth uniformly sampled point on the reconstructed
surface f pg is the ijth projected point of pf to the nominal
surface g, d(pf P1 ]) is the distance between the point pf and its
projected point pf; ;; on the surface g, and M and N are the numbers
of sampled points along u,v directions on the parametric domain
(here, M=N=50).

In practice, the actual surface may not be known. A large num-
ber of CMM probing points can be sampled as the reference
points on the actual surface. The RMS can than be obtained by

N
> (s ph P
i=1

N

RMS = (32)

where pi is the sampled pomt using CMM probe, N is the number
of those sampled points. P, is the projected point to the recon-
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structed surface f, and d(p;, p{) is the distance between p} and p,f .

For the same data points, we can also employ least-squares to
fit a surface and compare RMS error between the reconstructed
surface and the nominal surface. This would give us a perspective
of the surface accuracy using the Kalman filter and the simple
least-squares method.

6.3 Comparison. Based on above criteria, we examine the
performance of the dynamic sensing and modeling in terms of
measurement time, algorithm efficiency, and final reconstructed
surface accuracy.

Measurement Time Comparison for Sensors. The two criterions
are used to compare the measurement speed using single tactile
probe sensing and using the integration of the two sensors.

From Table 1 , we can see thatdynamic integration of the 3D
laser scanner and CMM leads to much faster measurement than
single tactile probe sensing, at least several times (some times 100
times) better.

Algorithm Efficiency Comparison. For the three examples, a
comparison is also made between the proposed convex hull-based
NBP computing approach and the traditional Fedorov exchange
method on a computer (Dell™ Dimension DIM4700) with two
Intel Pentium® IV 2.8 GHz processors and 512 MB RAM.

In Table 2, in average, the NBP computing takes more time for
the Fedorov exchange to search 10,000 random points to find an
“optimal” point that is comparable to the convex hull-based NBP
computing method. We believe our geometric convex hull-based
NBP method can be further optimized to achieve real-time speed,

Table 2 Computational time comparison of NBP algorithms

Part Fedorov exchange (s) Convex hull (s)

Simulation surface 4.35545 1.98181
Shiny part 6.92026 6.03249
Nozzle part 5.02865 4.38437

Table 3 Initial surface computing time with the Kalman filter in
different modes

Incremental Batch
updating fitting
Part mode (s) mode (s)
Simulation surface 15,472.75 76.703027
(102,063 points)
Shiny part(74,675 points) 11,641.68 92.548003
Nozzle part(21,763 points) 1076.72 24.826996
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Table 4 Dynamic surface updating time with one single sens-
ing point

Reconstructing Incremental
surface from updating with
scratch with the Kalman

Part least-squares (s) filter (s)
Simulation surface 7.717999 0.003032
Shiny part 19.172001 0.025983
Nozzle part 5.702999 0.009895

which will be explored in our future work.

In addition, it is efficient to use the Kalman filter to estimate the
initial surface from scanned point cloud in the batch fitting mode
and to update the surface with one NBP point in the incremental
updating mode.

As compared in Table 3, the initial surface with the Kalman
filter in the batch fitting mode leads to much higher efficiency,
especially when the number of scanned data points is very large.

Once the initial surface is obtained, it can be easily seen (Table
4) that the Kalman filter in the incrementally updating mode ex-
hibits the significant efficiency in reconstructing surface with only
one single sensing point, and can take place in real time.

Accuracy Comparison Between the Kalman Filter and Simple
Least-Squares. The simple least-squares (weight is not considered
in the fitting process) is a common surface reconstruction method.
Here we use the simple least-squares method to validate the re-
constructed surface accuracy of dynamic sensing-and-modeling
approach.

From Fig. 18, it can be seen that

e The quality (smoothness and RMS) of reconstructed surface
has improved when additional points are added through ei-
ther Kalman filter or least-squares method.

e The reconstructed surface through the Kalman filter is
smoother and more accurate than that of a simple least-
squares method.

The two actual physical parts also show the same two charac-
teristics. Due to the actual surface geometry is unknown, addi-
tional CMM probing points are sampled to compare the fitting
accuracy.

As compared in Figs. 19 and 20, we can see that the recon-
structed surface quality characterized by RMS error improves
with additional dynamic CMM probing points. The resulting sur-
face is more accurate than that with the simple least squares

oen

v v
Incomplete point-cloud Multilevel Kalman filter Least squares
(102063 points) RMS-= 0.315197 RMS=1.236397

s

Incomplete point-cloud+ Dynamic sensing and modeling
optimal points (31 points) (Kalman filter} RMS=0.049778

Least squares
RMS=0.320651

Fig. 18 Accuracy comparison between reconstructed sur-
faces from the Kalman filter and least-squares
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Least squares
RMS =0.352930

Multi-level Kalman filter
RMS = 0.352071

CMM reference
points (2211 points)

Tncomplete point-cloud

mic ing and modeling
+Additional points (67 points) Dyne g e

RMS = 032714

Teast squares
RMS = 0.347121

Fig. 19 Accuracy comparison between reconstructed sur-
faces from the Kalman filter and least-squares

Accuracy Comparison Between Dynamic  Sensing-and-
Modeling and Statically Pre-planned Sensing and Then Post-
sensing Reconstruction Approach. Based on the initial surface and
uncertainty estimated from scanned point cloud with area scanner,
one way is to statically pre-plan all the measurement points’ loca-
tions and then sense these points on the physical surface. The
surface can them be reconstructed from the initial surface and
these additional sensed points. Another way is to dynamically
determine sensing locations and update the surface through the
dynamic sensing-and-modeling approach as developed in this
paper.

In Table 5, It can be seen that the final surface from dynamic
sensing-and-modeling is more accurate than that from statically
pre-planned sensing and then post-sensing reconstruction method
for the same number of additional probed points, even though the
pre-planned points are determined by the exact NBP finding
method—Convex hull-based optimal point determination method
presented in this paper.

In fact, due to the fact that the estimated surface cannot com-
pletely reflect the true shape in the missing data areas (see Fig. 5),
the sensing locations may be away from the true optimal points on
the physical surface, which tends to make the reconstructed sur-
face deviate from the true surface. Unlike the statically pre-
planned sensing and then post-sensing reconstruction method, dy-
namic sensing-and-modeling can facilitate the reconstructed
surface gradually approximating the actual surface and provide a
more accurate estimate of the sensing point, which again make the
reconstructed surface approximate better to the physical surface.

7 Conclusion

This paper presents a dynamic sensing-and-modeling approach
for integrating an area laser scanner with a tactile point probe to
improve sensing speed and to reduce measurement uncertainty.
The basic idea is to measure the object with area scanning first,

’ “)\
Incomplete point- - . Multi-level Kalman filter Least squares
cloud (21763 points) i ‘ RMS = 0.316524 RMS = 0.313959
CMM reference pn?‘nls
(2799 paints)
Incomnplete point cloud Dynamic sensing and modeling Lenst squares
+Additional points(38 points) RMS =0.180986 RMS =0.282802

Fig. 20 Accuracy comparison between reconstructed sur-
faces from the Kalman filter and least-squares

Transactions of the ASME

Downloaded 07 Jun 2007 to 216.47.153.148. Redistribution subject to ASME license or copyright, see http://www.asme.org/terms/Terms_Use.cfm



Table 5 Statically pre-planned sensing and then post-sensing reconstruction versus dynamic

sensing-and-modeling

Number of additional

Part Optimal sensing points determining method measure points RMS
Simulation Statically Fedorov exchange 31 0.059472
surface pre-plan Convex hull-based method 31 0.055860
Dynamic sensing and modeling 31 0.049778
Shiny part Statically Fedorov exchange 67 0.342901
pre-plan Convex hull-based method 67 0.327779
Dynamic sensing and modeling 67 0.327104
Nozzle part Statically Fedorov exchange 38 0.212925
pre-plan Convex hull-based method 38 0.184523
Dynamic sensing and modeling 38 0.180986

followed by point probing at the point of highest uncertainty in
the reconstructed surface from scanned data. The surface is dy-
namically updated with the probed data and the next best probing
point is determined based on the updated surface model. In this
process, the surface uncertainty is dynamically computed to find
the NBP until the shape uncertainty meets certain criteria.

The technical core of this dynamic sensing-and-modeling ap-
proach is the use of the Kalman filter for surface reconstruction
and a novel efficient method to compute maximal uncertainty in
the reconstructed surface. The Kalman filter is used to combine a
large number of laser-scanned data and a smaller set of tactile
points into one surface. It allows the incremental update of the
surface model when additional sensed points are available, as op-
posed to reconstructing the surface from scratch. We solve the
next-best-point problem by transforming the B-spline surface’s
uncertainty distribution into a higher dimensional uncertainty sur-
face so that the convex hull property of the B-spline surface can
be utilized to dramatically reduce the search speed and to guaran-
tee the optimality of the resulting point.

Experimental study further demonstrates the following:

1. The dynamic integration of two sensors is more efficient
than single sensor sensing in order to obtain the same quality
surface.

2. The different fitting modes of the Kalman filter can be effi-
ciently employed in initial surface estimate from large
amount of scanned pointcloud and in the dynamic sensing-
and-modeling procedure.

3. The reconstructed surface quality is improved due to the
additional optimally and dynamically sensed points, and the
reconstructed surface is more accurate than that of simple
least-squares.

4. The reconstructed surface through dynamic sensing and
modeling approximates better to the actual surface than that
with statically pre-planned then post-sensing and reconstruc-
tion method.
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Appendix A

In this appendix, the Kalman filter and the weighted least-
squares method are compared in surface reconstruction.

Let n be the number of measured points, P, be the initial esti-
mate, K| be the Kalman gain when fitting the point z; into the
B-spline surface, and A; be B-spline shape function matrix.

The internal state estimate can be obtained by

Py=Py+K(z; = APy)

The equation can also be written as

(A1)
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P=(I-K\A)Py+Kz (A2)
From Eq. (A2), we can further infer P, as
Py=(I-KyA)(I = KA )Py + (I - KA Kz + Kyzp  (A3)

After all the measurements are fused, the end state estimate P,
can be denoted by

n n

P=[TUu-kA)Po+ [TU-KAIKzZ + - 4Kz, (A4)
i=1 i=2
From the uncertainty update equation, we can get
(I_ KrAr)APrfl = APr (AS)
and

n

H (1_ KrAr)APrfl = APn

i=r

(A6)

Multiplying Eq. (A6) with the matrix (AP,_,)~!, we can get

H (1_ KrAr) = AAPn(AAPr—l)_1

i=r

(A7)

Substituting Eq. (A7) into Eq. (A4), we get the end state estimate

P, as

PnzAPn(APO)_IPO"' APn(APl)_IKlZl + o +AP;1(AP71)_1ann
(A8)

From the uncertainty updating Eq. (18) of the Kalman filter, we
can obtain the state uncertainty covariance by

(AP)"'=(AP,_))" +A(Az)7'A, (A9)
Multiplying the matrix K,z,, we can get
(APr)_lKr r= [(APr—l)_l +A;(Azr)_lAr]APr—lAZ(AZr
+A,AP,_ ATz, (A10)

(AP,)'K,z,=Al(Az,) " (Az, + A,AP,_ A])(Az, + A, AP, A])'z,
(A11)

(AP)'K,z,=Al(Az) 7'z, (A12)
Substituting Eq. (A12) into Eq. (A8), we get the end state estimate
P, as
n

P,=AP,| (AP)'Py+ >, AT(Az)™,

i=1

(A13)
From Eq. (A9), we can calculate the end state uncertainty by
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(AP,)™ = (AP)™ + 2 AT(Az) ™A,
i=1
Substituting Eq. (A14) into Eq. (A13), we can get the end state
estimate P, as

(A14)

-1

P,=| (AP) ™+ 2 Al(Az)7A; | | (APY)'P,

i=1

+ E Al(Az) 'z

i=1

(A15)

From Eq. (A15), we can conclude that (1) the end state estimate of
the Kalman filter is independent of the fusion sequence of the
point z;, and z; and (2) the final state estimate of the Kalman filter
can be obtained in the batch processing mode with Eq. (A15).
The weighted least-squares method is also often used to recon-
struct the surface from the measured points in the statistical opti-
mal sense. The optimal object function f(P,) can be defined as

n AP 5
mmf(Pn) — 2 (Zl A l( n)

i=1 1

(A16)

Differentiating f(P,) against P,, we can get

i < Alz—AP,) < ’
A MGAL) S razy 1 - D AT AP,
i=1

P, o Az i=1
(A17)
Letting df/dP,=0, the optimal value can be calculated by
n -1 n
P=| 2 ATA) A | 2 Al (AI8)

i=1 i=1
If all the measure points have the same uncertainty Az;=Az;,
i#j, the end estimate of surface control points P, has the same
equation of general least-squares

n
Pn= EAtTAl
i=1

-1 n
> ATz = (ATA)'AZ (A19)
i=1
where A is the matrix form of A;, i=1,...,n, Z is the matrix form
of z;, i=1,...n. A and Z can be written as

A 21

A=|: | z=|:

Ay Zn

Comparing the end estimate of the Kalman filter (see Eq. (A15))
and the weighted least-squares (see Eq. (A18)), we can see that
the Kalman filter equals to the weighted least-squares when the
initial estimate Py=0 and its uncertainty |APy|—c or when P,

and AP, are computed directly from measured points using the
weighted least-squares method.

(A20)

Appendix B

LEMMA. Let Cyeoy and Cyego be the two B-spline curve segments
with uncertainty APCSegl and APCsegz' If maXii(APCsegl)U
$min,-j(APcmg2),~j, the uncertainty of any point on the curve seg-
ment Cygy is no greater than that of any point on the curve seg-
ment Cegr.

Proof. Assume Ap, is the uncertainty of any one point p; on
Cyeo1» @and Ap, is the uncertainty of any one point p; on Cyego.
According to the convex hull property of B-spline curve uncer-
tainty, we can get

min(APCsegl)[j <Ap < max(APCseg])ij (B1)
1 I

] ]
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nl_i_n(APCSng)ij <Ap, = ml_"}X(APcsegz)ij (B2)

) ]

then

Since max,](APCSegl ij mm,j(APCsegz)l],

Apy < Ap, (B3)

Hence, the uncertainty of any point on the curve segment C; is
no greater than that of any point on the curve segment Cyeg.
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